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Abstract
We introduce a Nambu–Poisson bracket in the geometrical description of the D = 11 M5-brane. This procedure allows us,
under some assumptions, to eliminate the local degrees of freedom of the antisymmetric field in the M5-brane Hamiltonian and
to express it as a D = 11 p-brane theory invariant under symplectomorphisms. The explicit expression of the Hamiltonian is
obtained. The existence of nontrivial physical configurations annihilating the energy density is shown. Finally, a regularization
of the M5-brane in terms of a multi D1-brane theory invariant under the SU(N)× SU(N) group in the limit when N →∞ is
constructed.
 2004 Published by Elsevier B.V.
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Open access under CC BY license.1. Introduction
Although the geometrical and algebraic structure of
the M5-brane has been considered by several authors,
it is far from been completely understood. There are
natural questions concerning the structure of the spec-
trum of its Hamiltonian that remain without answer.
In the case of the D = 11 supermembrane, the resid-
ual gauge symmetry is the area-preserving diffeomor-
phisms group, which coincides with the symplecto-
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Open access under CC BY licenmorphisms preserving a canonical two-form ω. In two
dimensions ω may be expressed in terms of the totally
antisymmetric tensor density and the volume element
which is naturally introduced by the light cone gauge
fixing procedure. In this case, then, both groups coin-
cide, however, for higher-dimensional p-branes or D-
branes, the symplectomorphisms are only a subgroup
of the volume-preserving diffeomorphisms. The un-
derstanding of this residual gauge symmetry is directly
related to the problem of finding an interesting regu-
larization of the M5-brane in terms of multi D0- or
D1-branes.
The above mentioned regularization was crucial in
understanding the spectrum of the D = 11 supermem-se.
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terms of a quantum mechanical system which may be
interpreted as a SU(N), N →∞, Yang–Mills theory
on zero spatial dimensions [1] or as a multi D0-brane
theory [2]. It was then understood that the existence
of a continuous spectrum from 0 to ∞, in the super-
symmetric case, is directly related to the existence of
string-like spikes which may be attached to any mem-
brane without changing its energy. The supersymme-
try was relevant since it annihilates an effective basin
shaped bosonic potential arising from the zero point
energy of the harmonic oscillators associated to the
membrane potential. It was already argued in [3,4]
the existence of 4-, 3-, 2- and 1-branes spikes, which
may be attached to the M5-brane without changing
its classical energy. This is also a general property of
all p-branes [5]. It is not known, however, its rela-
tion to the spectrum of the M5-brane quantum Hamil-
tonian. Even more, it was not known if there existed
a suitable regularization for the M5-brane. In this Let-
ter we prove the existence of a regularization for the
M5-brane.
In this Letter we propose a quantization proce-
dure for the M5-brane analogous to the quantization
scheme that was very useful in the physical interpreta-
tion and analysis of the D = 11 supermembrane, both
in the noncompactified [1] and compactified [6–8] tar-
get space. There are three steps in such procedure.
First of all, one looks for a formulation of the Hamil-
tonian in terms of a Poisson structure over the world-
volume. Secondly, if that structure exists then one reg-
ularizes it in terms of an SU(N) gauge group in the
N →∞ limit. The final step is to analyze the result-
ing quantum mechanical problem.
In the case of the D = 11 supermembrane in the
light cone gauge, the first step is straightforward since
the supermembrane has the area-preserving diffeo-
morphisms as residual gauge symmetries and they co-
incide with the symplectomorphisms preserving the
closed two-form ij /
√
W , where
√
W is the scalar
density introduced by the light cone fixing procedure.
In the case of the compactified supermembrane, the
first step is related to the existence of a nontrivial cen-
tral charge in the SUSY algebra. Now, the second step
may be achieved [9], although nontrivially, by the fact
that the structure constants of the area-preserving dif-
feomorphisms are the N → ∞ limit of the SU(N)
gauge group structure constants. The regularization ofthe D = 11 supermembrane is then achieved by re-
placing the Poisson brackets by the SU(N) brackets
in the constructed Hamiltonian. The analysis of the re-
sulting quantum mechanical system follows.
In this Letter, we construct the first two steps of
the above procedure for the M5-brane. We leave for
the near future the analysis of the quantum mechan-
ical model of the regularized M5-brane. For the M5-
brane in the light cone gauge is necessary to introduce
a generalized Poisson structure, namely, a Nambu–
Poisson structure, this algebraic structure was already
proposed for p-branes in [10]. We then consider a par-
tial gauge fixing of the volume-preserving diffeomor-
phisms, which is the residual gauge symmetry in the
light cone gauge. This gauge fixing, which is natural
in a formulation in terms of a Nambu–Poisson bracket,
allows the elimination of all local degrees of freedom
of the antisymmetric field and its conjugate momenta.
We are then left, by the canonical reduction of the
M5-brane Hamiltonian, with only one first class con-
straint. It generates symplectomorphisms preserving a
symplectic two-form on the world-volume constructed
with the global degrees of freedom of the antisymmet-
ric field. The Nambu–Poisson bracket in this partial
gauge fixing reduces to an ordinary Poisson bracket
built up from the above mentioned symplectic two-
form. One now may go to the second step regularizing
the Poisson bracket in an analogous way to the case of
the D = 11 supermembrane. It may be that there ex-
ists a direct regularization procedure for the Nambu–
Poisson bracket but we have not found it.
2. The algebraic structure of the M5-brane
Hamiltonian
We start recalling the M5-brane Hamiltonian for
the bosonic sector in the light cone gauge that was
obtained in [3],
H= 1
2
ΠMΠM + 2g+ lµν lµν
(1)+Θ5iΩ5i +ΘjΩj +ΛαβΩαβ,
where
(2)lµν = 1
2
(
Pµν + Hµν)
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(3)Hµν = 1
6
µνγ δλHγ δλ,
(4)Hγδλ = ∂ρBλσ + ∂σBρλ + ∂λBσρ.
Θ5i , Θj , Λαβ are the Lagrange multipliers associated
to the remaining constraints
(5)Ω5i = P 5i − H 5i = 0,
(6)Ωj = ∂µPµj = 0, j = 1,2,3,4,
(7)Ω[αβ] = ∂[β
{
1√
W
[
ΠM∂α]XM + 14Vα]
]}
,
where
(8)Vµ = µαβγ δlαβ lγ δ.
(5) and (6) are the first class constraints that gener-
ate the gauge symmetry associated to the antisymmet-
ric field and (7) is the volume-preserving constraint.√
W is a scalar density introduced by the LCG fixing
procedure, it may be interpreted as the square root of
the determinant of an intrinsic metric over the spatial
world-volume. Pµν and ΠM are the conjugate mo-
menta to Bµν and XM , respectively. In our notation
caps Latin letters are transverse light cone gauge in-
dices M,N = 1, . . . ,9, Greek ones are spatial world-
volume indices ranging from 1 to 5, and small Latin
letters denote spatial world-volume indices from 1
to 4.
The elimination of second class constraints from
the formulation in [11–13] to produce a canonical
Hamiltonian with only first class constraints, was
achieved at the price of loosing the manifest 5-dimen-
sional spatial covariance. In this way, the spatial
world-volume splits into M5 =M4 ×M1. We will ex-
ploit this decomposition in our analysis of the Hamil-
tonian. The supersymmetric version of this theory was
given in [4] and [14].
We will see now how a formulation in terms of
Nambu–Poisson brackets arises naturally from the
analysis of the volume-preserving diffeomorphisms in
more detail.
The algebra of the first class constraintsΩαβ on M5
is
(9){〈ξαβ1 Ωαβ 〉, 〈ξµν2 Ωµν 〉}= 〈(ξα1 ξβ2 − ξβ1 ξα2 )Ωαβ 〉,
where
(10)ξα = 1√ ∂β
(√
Wξαβ
)
.Wξαβ are the antisymmetric parameters of the infinitesi-
mal transformation and
(11)〈•〉 =
∫
•√W d5σ.
The transformation of scalar fields XM under these
infinitesimal diffeomorphisms is
(12)δXM = {XM, 〈ξαβΩαβ 〉}=−ξα∂αXM,
and that one for their corresponding conjugate mo-
menta is
(13)δΠM =
{
ΠM,
〈
ξαβΩαβ
〉}=−√Wξα∂α ΠM√
W
,
since ΠM are scalar densities.
We notice that the parameter ξα = 1√
W
∂β(
√
Wξαβ)
satisfies
(14)∂α
(√
Wξα
)= 0
ensuring that
(15)δ(√W(σ))= 0,
that is, the diffeomorphisms generated by Ωαβ are the
volume-preserving ones over M5. All the above men-
tioned properties are in general valid for the volume-
preserving diffeomorphisms in any p-dimensional
world-volume. In the case p = 2 an explicit solution
for ξα is
(16)ξα = 
αβ
√
W
∂βξ,
then the transformation rule for any scalar field Φ
becomes
(17)δΦ = {ξ,Φ},
where
(18){A,B} ≡ 
αβ
√
W
∂αA∂βB
is a Poisson bracket with symplectic two-form ωαβ =√
Wαβ . The structure constants of the area-preserving
diffeomorphisms, in the p = 2 case, were interpreted
as the N → ∞ limit of SU(N) in [9], leading to
a SU(N) regularization of the D = 11 supermem-
brane and its further quantum mechanical analysis of
the canonical Hamiltonian [1]. In p = 2, the area-
preserving diffeomorphisms are exactly the same as
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erty of the p = 2 case was an essential ingredient in
the noncommutative formulation of D = 11 superme-
mbranes presented in [6] and of its quantum mechan-
ical analysis in [7,8]. For p  2, the symplectomor-
phisms are only a subgroup of the volume-preserving
diffeomorphisms.
We may now consider an explicit solution for p 
2. There always exist ξ1, . . . , ξp−1 such that
(19)ξν = 
να1...αp−1
√
W
∂α1ξ1 · · ·∂αp−1ξp−1,
consequently, the volume-preserving transformation
of any scalar field over the p-brane world-volume
becomes
(20)δΦ =−
µα1...αp−1
√
W
∂µΦ∂α1ξ1 · · ·∂αp−1ξp−1,
which leads to the introduction of the Nambu bracket
[15] with p-entries.
(21)δΦ =−{Φ,ξ1, ξ2, ξ3, . . . , ξp−1}.
It turns out that the commutator of the volume-
preserving diffeomorphisms may now be expressed in
terms of the Nambu algebraic structure:
(22)[δˆ, δ]Φ = δ˜Φ,
where the parameters may be expressed as
(23){ξˆi , ξ1, ξ2, ξ3, . . . , ξp−1} = ξ˜i .
It is interesting that the algebraic properties leading
to (22) and (23) arise only from the generalized Jacobi
identity for n-Lie algebras defined by skew-symmetric
n-brackets, n p acting on the ring of C∞ functions,
with no need of an explicit expression for the Nambu–
Poisson bracket [16–20].
We conclude then that it is possible to endow any
p-brane world-volume with a Nambu–Poisson struc-
ture. In [21] it was proposed such kind of algebraic
structure for world-volume p-branes. The Nambu–
Poisson structure over the world-volume coexists with
the canonical structure of the field theory.
3. The Nambu–Poisson structure of the M5-brane
Hamiltonian
From now on it is assumed that M4 admits a
symplectic structure denoted as ω0. It is convenientto identify the scalar density
√
W with the one arising
from the symplectic structure over M4.
We will now show how the interacting terms of
the M5-brane Hamiltonian (1) may be expressed
directly in terms of the Nambu–Poisson bracket in five
dimensions. Let us analyze it term by term. We first
notice that g, the determinant of the induced metric
may be reexpressed in a straightforward manner as a
bracket
g = 1
5!
ν1,...,ν5µ1,...,µ5gµ1ν1 . . . gµ5,ν5
(24)= 1
5!
{
XM,XN,XP ,XQ,XR
}2
.
Let us consider now the third term, it depends on
the antisymmetric field Bµν . It is invariant under the
action of the first class constraints (5) and (6). To
eliminate part of these constraints, we proceed to make
a partial gauge fixing on Bµν , following [3] we take
(25)B5i = 0,
which, together with the constraint (6), allow us a
canonical reduction of the Hamiltonian (1). We notice
that the contribution of this partial gauge fixing to
the functional measure is 1. We are then left with the
constraint
(26)∂jP ij + ∂5H 5i = 0, i, j = 1,2,3,4,
which generates the gauge symmetry on the two-
form B
(27)δBij = ∂iΛj − ∂jΛi.
B as a two-form over M4 may be decomposed using
the Hodge decomposition theorem in an exact form
plus a co-exact form plus an harmonic form. With this
at hand, an admissible gauge fixing consists to impose
the exact form part to be zero. In this gauge, we may
express P ij as
(28)P ij = ijkl
(
1
2
∂5Bkl + ω˜kl
)
,
where ω˜ is a closed two-form. We also obtain
lij = ijkl(∂5Bkl + ω˜kl),
(29)l5i = ijkl∂jBkl .
The kinetic term in the action associated to the
antisymmetric field becomes then
(30)〈P ij B˙ij 〉= 〈ijkl B˙ij ω˜kl 〉,
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part of ω˜kl , while the harmonic parts are conjugate to
each other.
Noticing that l5i is divergenceless, it may be
rewritten as
(31)l5i = 5ijkl∂jφ[a∂kφb∂lφc], a, b, c= 1,2,3.
This decomposition in terms of scalars is always
locally valid for any four-dimensional divergenceless
smooth vectorial density. The co-exact part of Bkl may
then be expressed in a unique way, modulo the sym-
metry generated by the group of rigid transformations
that leaves invariant (31), in terms of the triplet φa .
Now we decompose the tensor density lij into
(32)lij = jiαβγ ∂αφ[a∂βφb∂γ φc] + jiklωkl,
where ω is a closed two-form. Comparing ω˜ with ω,
we notice that part of ω˜ has been absorbed into
the first term of the right-hand side of (32). This
decomposition exists and it is unique.
It is now possible, as a consequence of the Dar-
boux’s theorem, to express ωkl in terms of the two-
form ω0 over M4
(33)ωjl = ∂jΨ k∂lΨ mω0km
with k,m = 1,2,3,4. When ω is non-degenerate,
there exists an atlas {U} such that, on each open set
U , Ψ k describe the diffeomorphisms which reduces
ωjl to the two-form ω0. When ω is degenerate the
decomposition (33) is still valid. In that case pairs of
Ψ k may be zero.
Although there are four fields Ψ k , they represent
only three physical degrees of freedom, since on an
open set where ω has constant rank, one may reduce
locally ω to ω0 by a change of variables and still
have one gauge symmetry left, the diffeomorphisms
which preserve ω0. The infinitesimal group parameter
of those diffeomorphisms can be expressed as
(34)ξ i = 4ω0kl
ijkl√
W
∂jξ.
Using (31), (32) and (33) the interacting term in the
Hamiltonian involving the antisymmetric field and its
conjugate momentum may be expressed in terms ofthe Nambu–Poisson brackets
gαµgβνl
αβ lµν = (lµν∂µXM∂νXN )2
= ({φa,φb,φc,XM,XN}abc
(35)+ {Ψ k,Ψ l,XM,XN}ω0kl)2.
The interacting terms of the canonical Lagrangian
may then be expressed in terms of the Nambu–Poisson
bracket constructed with the antisymmetric tensor
µναβγ /
√
W and the Poisson bracket constructed with
the symplectic two-form ω0.
4. M5-brane regularization in terms of D1-branes
We will discuss in this section a partial gauge
fixing of the M5 brane which yields a formulation of
the theory invariant under symplectomorphisms only,
allowing a regularization with a similar approach to
the one of the D = 11 supermembrane [1]. In here, we
will assume ω to be non-degenerate. After fixing ω to
ω0 we may resolve the volume-preserving constraint
for φa , a = 1,2,3. We are then left still with one
constraint,
(36)ijklω0kl∂i
(
ΠM∂jX
M
√
W
)
= 0.
The left-hand member generates the symplectomor-
phisms preserving ω0. The five-dimensional volume-
preserving diffeomorphisms have been reduced by the
gauge fixing procedure to only that generator. We are
then left with a formulation in terms of XM and its
conjugate momenta ΠM , invariant under symplecto-
morphisms. The antisymmetric field Bµν and its con-
jugate momenta Pµν have been reduced to ω0, there
is no local dynamics related to them. All the dynam-
ics may be expressed in terms of (XM,ΠM). We may
then perform the explicit 4 + 1 decomposition on the
spatial sector of the world-volume. We finally obtain
the Hamiltonian density
H= 1
2
ΠMΠM + 1615
(
∂5X
[M({XN,XP }{XQ,XR]}
+ {XQ,XN}{XP ,XR]}
+ {XP ,XQ}{XN,XR]}))2
+
(
ΠL
{
XL,X[M
}(
Uj∂jX
N] + ∂5XN]
)
(37)+√W{XM,XN})2,
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on indices denote cyclic permutation. The vector field
Uj has to satisfy the following equation:
(38)∂5lj5 − li5∂iUj + ∂ilj5Ui + lj5∂iUi = 0,
where
(39)lj5 = 4
jiklω0kl√
W
ΠM∂iX
M.
This equation once regularized is homogeneous in the
momenta and may be solved in a straightforward way.
Finally, in order to obtain a regularization of the
above Hamiltonian, we express XM and ΠM in terms
of a complete orthonormal basis over M4, {Ya}, in the
Hilbert space of L2 functions. Since
(40)4
ijklω0kl√
W
∂iYa∂jYb
is a scalar function over M4, we may reexpress it in
terms of the basis, and obtain
(41){Ya,Yb} = 4
ijklω0kl√
W
∂iYa∂j Yb = fabcYc,
where fabc is given by
(42)
∫
M4
4ijklω0kl√
W
∂iYa∂jYbYc = fabc,
and is totally antisymmetric on a, b, c.
We then have
(43)XM =XMa (σ 5, τ )Ya(σ 1, σ 2, σ 3, σ 4),
consequently,
(44){XM,XN}=XMa XNb {Ya,Yb} =XMa XNb fabcYc.
Furthermore, we may introduce
(45)YaYb = CabdYd,
which is again valid since YaYb is also a scalar
function over M4. We get
(46)
∫
M4
YaYbYd = Cabd,
which becomes totally symmetric in a, b, d .
All the interacting terms in the Hamiltonian may be
rewritten using XMa (σ 5, τ ), their conjugate momenta
and the structure constants fabc and Cabd . From theexplicit expression of the Hamiltonian we may infer
that there exists nontrivial configurations with zero
energy density. They annihilate the Poisson brackets
{XN,XM }. If we look at terms dependent on the
momenta, we see that they are contracted with a tensor
that may be interpreted as a nontrivial background
metric made up of a condensate of D1-branes. This
is so since XMa (σ 5, τ ) and its conjugate momenta
represent ‘a’ different interacting charged one-branes,
the charge is determined by the symplectic two-form
which in turn is exactly the curvature of the RR vector
potential in the D4-brane sector of the M5-brane.
We may then regularize the Hamiltonian by taking
a truncation in the range of the index a. The truncated
Hamiltonian for the M5 brane may then be interpreted
as a SU(N) × SU(N) gauge theory in the case when
the elements of the Hilbert space basis {Ya} may
be split into products of functions on M2 × M2,
i.e., {YA(σ 1, σ 2)Y˜A˜(σ 3, σ 4)}, with indices taken by
pairs. Using the known results for two dimensions
one may show that the structure constants in the case
of SU(N) × SU(N) approach the structure constant
for the Hilbert basis when N →∞, consequently, the
Poisson brackets in the Hamiltonian may be replaced
by the Lie algebra brackets of the internal group. In the
same way, a similar regularization procedure may be
performed for the D4-brane Hamiltonian, in this case
the resulting quantum mechanical system corresponds
to a totally fixed gauge SU(N) × SU(N) theory, and
the physical interpretation is that of a condensate
of interacting D0-branes. In general cases, when the
elements of the Hilbert space basis cannot be split in
the manner mentioned above, the regularization and
quantization procedure is not known.
5. Conclusions
We introduced a Nambu–Poisson structure in the
description of the D = 11 M5-brane. By partial gauge
fixing the volume-preserving diffeomorphisms, we
showed that M5-brane Hamiltonian may be expressed
as a D = 11 p-brane theory invariant under symplec-
tomorphisms preserving a symplectic two-form con-
structed from the antisymmetric field of the M5-brane.
All the degrees of freedom of the antisymmetric field
reduce to global ones. We found the existence of non-
trivial configurations similar to the string spikes of the
A. De Castro et al. / Physics Letters B 584 (2004) 171–177 177supermembrane having zero energy density. We then
construct a particular regularization of the M5-brane
in terms of a multi D1-brane theory invariant under
SU(N)× SU(N) in the limit when N →∞.
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